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Low Rank Matrix Approximation for 3D
Geometry Filtering
Supplementary
Abstract—This document shows the analysis of each step (Section 1.1 and Section 1.2) in our method. It includes the convergence
analysis (experimentally or theoretically), as well as other relevant ablation studies.
Index Terms—3D Geometry filtering, Point cloud filtering, Mesh denoising, Point upsampling, Surface reconstruction, Geometric
texture removal.
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M ETHOD A NALYSIS

In this section, we analyze both the normal estimation and
point update steps of our method.
1.1

Analysis of Normal Estimation

Convergence. As is true with previous techniques [1],
[2], [3], we also cannot guarantee the convergence of our
normal estimation method. Figure 1(a) shows the normal
approximation error using the bilateral filter [4] and our
method. Both demonstrate similar behavior where the error
decreases significantly and then increases with the iteration
count. However, this experiment indicates our method is
more accurate. Figure 7 shows the normal estimation results
after 1, 5 and 20 iterations.
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Fig. 1. (a) Normal errors of our method and the bilateral filter [4]. (b)
Greater klocal or knon leads to smaller normal errors.

Rotation-invariant similarity. As discussed in [6], nonlocal rotation-invariant similarity does not preserve sharp
features. Figure 3 shows the comparisons of [6] and our
method. [6] smooths out sharp features because the method
does not consider the anisotropic and isotropic issues involved in 3D data. We tested two variants of our normal
estimation method: non-local similarity based on local structures and non-local similarity based on local isotropic structures. The similarity metrics are defined by the Frobenius
norm of the accumulated tensor, using local structures and
local isotropic structures, respectively. We have the following observations from Figure 2: (1) the similar structures
Manuscript received July 22, 2019; revised ZZ, 2019.

Fig. 2. (a) PCA normals [5]. (b) Non-local similar local structures of
the local structure denoted by the red point. (c) Non-local similar local
isotropic structures of the local isotropic structure denoted by the red
point. (d) Normal estimation by low-rank minimization on (b). (e) Normal
estimation by low-rank minimization on (c). (f) Normal estimation by our
method. Blue lines indicate point normals.
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Fig. 3. Comparison with [6].
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pared our method with the learning based technique [6].
Figure 4 exhibits two normal estimation results for [7] and
our method. Our method performs better than [7], which
has difficulty in smoothing regions without features or
preserving sharp features. We also show that our method
outperforms another learning based method [8] (in paper
document).

Fig. 4. Comparison with PCPNET [7].
TABLE 1
Comparison of tensor voting and the bilateral scheme. The MSAE
numbers are ×10−3 .
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Fig. 5. Three ways of matrix construction: (a) random permutation, (b)
permute matrix M with the order of x, y and z of one by one normal, (c)
ours: permute matrix M with the order of x of all normals, then y of all
normals and finally z . Blue lines indicate point normals.
(a)

from both variants lie on or close to sharp features area
(Figure 2(b,c)); (2) the estimated normals based on local
structures are smooth everywhere and blur the sharp features (Figure 2(d)); (3) the estimated normals based on local
isotropic structures are anisotropic around sharp features
but sometimes do not preserve discontinuities/edges well
(Figure 2(e)). We suspect this effect in (e) is because the
searched similar structures of a structure owned by an edge
point provide insufficient information to preserve the discontinuities (i.e., sharp edges). As such, we did not choose
either of the two above variants. In comparison, our method
can well preserve sharp features (Figure 3(c) and 2(f)).
Comparison with learning based methods. We com-
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Fig. 7. (a) PCA normals [5]. (b-d) The normal estimation after 1, 5 and
20 iterations, respectively.
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Fig. 8. Normal estimation for irregularly sampled data. (a) The points on
the right side are significantly denser than the points on top. (b) and (c)
are shown in a different view from (a). Blue lines indicate point normals.
The mean square angular error (MSAE, in radians) of (b) and (c) are
1.87 × 10−3 and 3.90 × 10−4 , respectively.
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Fig. 6. First row: recovered normals of a matrix constructed by similar
local isotropic structures, using the averaging method (i.e., averaging
the normal vectors of similar local isotropic structures) and our method
with different β . Second row: results after performing several normal
estimation iterations on the same input. The mean square angular errors
for (d-f) are (×10−2 ): 3.50, 2.58 and 0.41, respectively.

Matrix ordering. We investigated the ordering of the
constructed matrix as well. We found that the ordering of
points significantly influences the minimization result (Figure 5). We suspect this is due to the neighboring information
and three coordinates of each normal in different ordering
matrices, which is more complicated than the regular singlechannel grayscale images. Our ordering scheme does not
require x, y or z of the involved normals to exactly fill
up an integer number of columns. For example in paper
document, after filling x in some columns, the remaining x
only fill up a part of the next column and y would fill up
the remaining part of the column and fill up other columns
in a similar fashion. We tested our ordering scheme with the
arranged scheme (i.e., each column includes an individual
type of normal coordinates only) and found similar performances (Figure 9(a)).
β and averaging. We tested the effect of β and compared our low-rank matrix minimization with the simple
averaging method. We found that β is related to the number
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erality, we assume |xl | (i.e., |xl | ≥ |xk |) is the greatest in X.
λ can be computed by
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where gl,l
= γ1l and gl,k
= 0 are the elements of G−1 .
We can easily demonstrate that the sum of the absolute
values of
each row in nTi ni or nTj nj is equal or less
√
P
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1+ 3
1
0
than
k ol,k xl ≤
2 . Since gl,l = γl = 3|Sl |√and
P
P
|xk |
|o | ≤ 2(1 + 3)|Sl |, we obtain
k |ol,k | |xl | ≤
√k l,k
0
λ ≥ 2gl,l − 2(1 + 3)|Sl | ≥ 0. Consequently, 2G−1 − O
is a symmetric positive semidefinite matrix and E − E 0 ≥ 0.
Figure 9 (b) shows one example of the decreasing energy of
E.
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of ranks after the generalized soft-thresholding. A smaller
β leads to more ranks retained, which also indicates more
noise is left behind. For instance, the numbers of ranks for
the sphere example in Fig. 6 with β = 1.0 and β = 20.0
are 85 and 1, respectively. We also observed that the number
of ranks is related to capturing changes in the surface: a
greater β captures less surface changes (e.g., Figure 6(b,e)).
We found no relations between averaging and the most lowrank method (i.e., with the largest singular value retained).
The most low-rank method may also recover normals of a
matrix with different directions (Figure 6(a,b)). Figure 6 (d-f)
show that our default β is more robust than both averaging
and the most low-rank method.
Representative normal and irregular sampling. The
orientation of the representative normal computed by tensor
voting might be positive or negative. We use its original
normal to constrain the orientation (i.e., their dot product is
positive). We also compared the representative orientation
computed by tensor voting with the bilateral scheme. For
fair comparisons, we ensure the same weighting functions
and neighbors of each point for both schemes. Table 1 shows
that the tensor voting scheme outperforms the bilateral
scheme. As shown in Figure 8, our normal estimation technique is more accurate and robust than the bilateral filter [4]
when handling irregularly sampled data.
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Analysis of Point Update
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Convergence. Lemma: The proposed point update algorithm is
convergent.
Proof. The point update
P P is convergent in the sense that the
total energy E = i j∈Si |(pi − pj )nTj |22 + |(pi − pj )nTi |22
decreases in each iteration. Assuming we use ball neighbors,
we obtain

E = PQPT ,
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Fig. 9. (a) Performance comparison of the coordinates unseparated
ordering scheme and our ordering scheme. (b) The changes of the
energy E with increasing iterations.

(1)

where P is a 1 × 3|i| vector concatenated with all point
positions and |i| is the number of points. Q is a 3|i| × 3|i|
matrix which consists of |i| × |i| blocks
P (3 × 3). We use Qi,j
to denote the (i, j) blocks: Qi,i = 2 j (nTi ni + nTj nj ) and
Qi,j = Qj,i = −2(nTi ni + nTj nj ).
From the iterative point update solution, we can compute the new positions P0 = P(I − OG). I is the identity
matrix, O = 12 Q and G is a diagonal block matrix with each
3 × 3 diagonal block as Gi,i = γi I . Based on P0 , we have
E 0 = P0 QP0T = P(Q − QGO − OGQ + OGQGO)PT .
Thus, we obtain

E −E 0 = PQPT −P(Q−QGO−OGQ+OGQGO)PT
= 2POG(2G−1 − O)GOPT
(2)
To demonstrate the convergence of the point update, E −
E 0 should be non-negative. O and G are both symmetric
positive semidefinite matrices, and we should prove 2G−1 −
O is a symmetric positive semidefinite matrix.
Obviously, 2G−1 −O is a symmetric matrix. 2G−1 −O is
a positive semidefinite matrix in the sense that its eigenvalues are non-negative. We denote λ as one of its eigenvalues,
and X the corresponding eigenvector. Without loss of gen-
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Fig. 10. (a) Point update by moving only along the current normal
direction (removing nT
j nj ). (b) Point update by using local isotropic
neighbors. (c) Our method.

Neighbor information. While the neighboring information for point updating should be recomputed in each
iteration, doing so can lead to artifacts. As illustrated in
Figure 11(a), our point update method enhances edges
by automatically driving neighboring points to edges but
also leads to obvious gaps near edges. This effect happens
because the optimization will drive points to sharp edges.
Points further away from these features will only have
neighbors in that region, and points at sharp edges only
have neighbors at sharp edges. As a result, points at sharp
edges will stay at sharp edges and points further away
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Fig. 11. Comparison of with and without updating neighboring information in each iteration. (a) Position update with updating neighboring information. (b) The upsampling of (a). (c) Position update without updating
neighboring information. (d) The upsampling of (c).

from these features will stay further away leading to gaps
near sharp edges. Furthermore, the upsampling application
could fail when the number of points is low (Figure 11(b)).
To alleviate this issue, we simply keep the neighboring
information unchanged in all iterations, which has the sideeffect of reducing the computation in each iteration. Figure
11 shows a comparison. Though we cannot guarantee that
our point update method preserves the volume of the shape,
we found insignificant volume changes in our experiments.
Comparison of other update methods. We compared
two other point update methods with our algorithm. One
method constrains the movement of a point to be along its
normal direction. That is, the update equation is adjusted by
removing nTj nj in iterative point update. The other update
method adopts local isotropic neighbors from local isotropic
structures in iterative point update.However, we found both
methods incapable of automatically forming sharp edges:
the volume shrinks significantly and points fly away from
sharp edges (Figure 10 (a,b)). This effect happens because
neither method takes anisotropic neighbors into account,
thus leading to no constraints around sharp edges. On the
contrary, our point update algorithm can automatically form
the sharp edges (Figure 10(c)).
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